We present a systematic study of different methods for analytic calculations of diffuse spectra of ultra-high energy nuclei. Nuclei propagating in the intergalactic space are photo-disintegrated and decrease their Lorentz factor due to the interaction with Cosmic Microwave Background (CMB) and Extragalactic Background Light (EBL). We calculate the evolution trajectories in the backward time, that describe how atomic mass number A and the Lorentz factor Γ change with redshift z. Three methods of spectra calculations are investigated and compared: (i) trajectory method, (ii) kinetic equation combined with trajectory calculations and (iii) coupled kinetic equations. We believe that these three methods exhaust at least the principal possibilities for any analytic solution of the problem. In the most straightforward method (i) only trajectory calculations are used to connect the observed nuclei flux with the production rate of primary (accelerated) nuclei A 0 . In the second method (ii) the flux (space density) of primary nuclei, and secondary nuclei and protons are calculated with the help of kinetic equation and trajectories are used only to determine the generation rates of these nuclei. The third method (iii) consists in solving the complete set of coupled kinetic equations, written starting with primary nuclei A 0 , then for A 0 − 1 etc down to the A of interest. The solution of the preceding equation gives the generation rate for the one which follows. An important element of the calculations for all methods is the systematic use of Lorentz factor instead of energy. We consider here the interaction of nuclei only with CMB, this case is particularly suitable for understanding of the physical results. In paper (II) of this series the EBL will be also included. Estimating the uncertainties of all methods discussed above, we conclude that the method of coupled kinetic equations gives the most reliable results.
Energy losses on CMB
In this paper we consider the interaction of nuclei only with CMB. Adiabatic energy losses and pair production change only the Lorentz factor and photo-disintegration changes only the atomic mass number A. Then for E = ΓAm N we have
For any process the energy losses in continuous approximation for nuclei or protons interacting with CMB at z = 0 can be written as [50] :
where ǫ is the photon energy in the nucleus or proton rest frame, ǫ 0 is the threshold of the considered reaction, f (ǫ) is the mean fraction of energy in the laboratory system lost by a nucleus in a single interaction, i.e. inelasticity, σ(ǫ) is the cross-section and T = 2.726 • K is the CMB temperature; unitsh = c = k = 1 are used. At redshift z the number of CMB photons is (1 + z) 3 larger than at z = 0 and their energies are (1 + z) times higher. Then the energy loss at arbitrary z is given by β(Γ, z) = (1 + z)
In the following we will specify the three processes relevant for our calculations: expansion of the universe (adiabatic energy losses), pair production and photo-disintegration.
(i) Adiabatic energy losses. Adiabatic energy losses are given by
where H(z) = H 0 (1 + z) 3 Ω m + Ω Λ is the Hubble parameter at redshift z with H 0 =
(ii) Electron-positron pair production This process can occur if the energy of the background photon is larger than 1 MeV in the rest system of the UHE particle. The inelasticity and cross-section for a nucleus are simply related to the corresponding quantities for the proton pair-production: 
where Z is the nucleus charge number, m N is the nucleon mass, σ i pair is the pair production cross section for protons (i = p) or nuclei (i = A). Using these equations we can rewrite Eq. (2) as
The expression above is valid for z = 0. For arbitrary z one should use Eq. (3) . In our calculations we use the function β p pair (Γ) for protons as computed in [10] . The quantity
pair has an important physical meaning being the characteristic time of the Lorentz factor decreasing.
(ii) Photo-disintegration. The photo-disintegration energy losses on CMB at z = 0 are given by
where ν(ǫ) is the average multiplicity of the ejected nucleons. The quantity β A dis determines the time-scale of the total photo-disintegration of a nucleus τ tot ∼ 1/β A dis , while τ A = (dA/dt) −1 gives the mean time for one nucleon loss. At arbitrary z the pair-production energy losses β pair (Γ, z) and photo-disintegration energy losses β A dis (Γ, z) are given by Eq. (3). In the present paper we use the remarkable collection of nuclear cross-sections and their parametrization from the works by Stecker et al [33, 34] .
Depending on the photon energy ǫ in the nucleus rest frame, one can distinguish two different regimes of photo-disintegration, namely the low-energy regime ǫ < 30 MeV and the high-energy regime: 30 < ǫ < 150 MeV. At energies ǫ > 150 MeV the photodisintegration process is not important [33, 34] and we include at these energies the photopion production.
In the low-energy regime the leading process of photo-disintegration is represented by one and two nucleon emission, A + γ → (A − 1) + N , A + γ → (A − 2) + 2N , and the photo-disintegration cross-section is dominated by the Giant Dipole Resonance (GDR) [33, 34] . At higher energies a multi-nucleon emission regime takes place (see [33, 34] ). In this regime the photo-disintegration cross-section can be approximated as constant [33, 34] . The main contribution to photo-disintegration is given by the GDR cross-section with mean number of emitted nucleons 2 > ν > 1.
We have calculated the energy losses for all nuclei with existing data, presenting some of them in Figs. 1 and 2 as function of the Lorentz factor.
As discussed below, an important quantity that characterizes nuclei propagation and energy spectra is the critical Lorentz factor Γ c , defined from the condition of equality of photo-disintegration lifetime τ A = (dA/dt) −1 and the characteristic time τ Γ for changing of the Lorentz factor, τ A (Γ c ) = τ Γ (Γ c ),
where τ Γ is given by the sum of adiabatic and pair-production losses as τ −1
pair . Eq. (8) is written for z = 0. The same condition for an epoch z determines Γ c at redshift z, for which we will use the notation Γ c (z). The values of Γ c calculated for some nuclei from Eq. 8 are listed in Table 1 . From this Table and 
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Evolution trajectories
A primary nucleus A 0 accelerated to large Lorentz factor Γ g at redshift z g is soon photodisintegrated and then evolves as a secondary nucleus with decreasing A and Γ as redshift z decreases.
Our study of evolution goes in the backward time, whose role is played by redshift. We consider as initial state a secondary nucleus A with Lorentz factor Γ and evolve it to larger z with increasing of A(z) and Γ(z), until A(z) reaches A 0 at z g (index g here and henceforth implies generation, i.e. acceleration, of nucleus A 0 ). Evolution of Γ from z 0 = 0 to z g gives Γ g of nucleus A 0 . This backward-time evolution is governed by two coupled differential equations, which for the variable z reads
being the relation between time and redshift dt/dz
The term 1/(1 + z) in Eq. (9) corresponds to adiabatic energy losses dΓ/dt = −ΓH(z).
The numerical solution of the coupled equations (9) with initial values A and Γ at z 0 gives the evolution trajectories A(z) = A(A, Γ, z 0 , z) and Γ(z) = G(A, Γ, z 0 , z), where the first three arguments describe the initial condition, in most cases with z 0 = 0.
In principle the solution A(z) is given for continuous A. We shall refer to the corresponding trajectories as A-continuous. In this solution we use β A dis smoothly changing between two integer values of A.
In the kinetic-equation approach, which is used for calculation of particle density n A (Γ, z), we assume that A is constant until it reaches due to A-evolution A + 1 (or A + 2). The trajectories with this evolution of A we call A-jump trajectories. They are Figure 1: Energy losses for light nuclei due to photo-disintegration and pair production on CMB (red full line and blue dotted line, respectively) and adiabatic energy losses given by H 0 (green dashed line). Figure 4 : Calculated evolution of the atomic mass number A(z) (left panel) and Lorentz factor Γ(z) (right panel) for a deuterium nucleus observed at z = 0 with various energies as labeled.
calculated assuming in Eq. (9) for Γ-evolution A = const, until A reaches A+1 (or A+2). Accordingly, we use in this case the jump behaviour of β A dis . In fact, both methods give practically identical results. A calculated trajectory is sketched in Fig. 3 as Γ(z) = G(Γ, A, z) with integer A marked by crosses. In the kinetic equation approach we will interpret this trajectory assuming that the nucleus A is produced in an instantaneous decay of the nucleus A+1, then it lives as nucleus A and finally instantaneously decays to A − 1. The intervals between crosses are determined by continuously changing A(z) setting ∆A = 1 (or ∆A = 2). This is the most natural interpretation, because a nucleus with continuously changing A just does not exist in nature, while instantaneous production of nucleus A from decay of A + 1 is a realistic photo-disintegration assumption, as well as an assumption that after decay of A+1 in the forward-running time a nucleus A propagates with fixed A until instantaneous A → (A − 1) decay (we always imply below the case of A + 2, too).
In Fig. 4 the calculated evolution trajectories A(A, Γ, z 0 , z) and G(A, Γ, z 0 , z) are displayed for the initial condition A = 2 (Deuterium), z 0 = 0 and different values of Γ, corresponding to energy E indicated in the figure. A(z) is evolved to A 0 = 56 (Iron) and z g is determined. Then Γ g = G(A, Γ, z 0 , z g ) is calculated as shown by the end points in the right panel of Fig. 4 . The trajectories for other values of A, e.g. A = 9, 14, 40, are very similar. The characteristic feature for all of them is the explosive regime in A(z) evolution at the end of the trajectory. We will discuss it in subsection 2.4.
In the calculations of the evolution trajectories we always include two additional conditions: maximum energy of acceleration E acc max (in terms of Γ acc max ) and nucleus stability restriction. The first restriction is imposed as follows. With z g determined from
max this trajectory is forbidden, and the contribution to flux along this trajectory is set to zero. The second compulsory restriction, caused by nucleus stability, is considered in the next subsection.
From the point of view of the final result of our work as calculation of UHE nuclei spectra, the evolution trajectories are needed to different extent. For trajectory method they are the most essential component of calculations. For the combined method the trajectories are needed for calculation of two quantities, z g and Γ g . The former is calculated from A(Γ, A, z g ) = A 0 (left panel of Fig. 4 ). The latter is calculated as Γ g = G(Γ, A, z g ) (the end-points of trajectories in the right panel of Fig. 4 ). In the coupled kinetic equations the A(Γ, A, z g ) trajectory formally is not included, but it presents implicitly, providing the evolution from A 0 to A.
Nucleus stability restriction
A nucleus A with Lorentz factor Γ < Γ A c at z = 0 is stable, i.e. it is not photo-disintegrated during the Hubble time. This is easy to understand from the plots in Fig. 5 . The critical Lorentz factor is defined by Eq. (8) equating the photo-disintegration lifetime τ A = (dA/dt) −1 and the characteristic time τ Γ for changing of the Lorentz factor. Consider as an example the forward-in-time evolution of 40 Ca nucleus with the Lorentz factor Γ < Γ c . From Fig. 5 it is clear that such nucleus is stable: decreasing of the Lorentz factor goes faster than changing of A and the nucleus slows down, with a further increase of τ A (Γ). Thus, nuclei A − 1 with Γ < Γ A c cannot be produced by decay the A → (A − 1) + N at z = 0. However, they can be produced at larger z.
Consider now the backward-time evolution of the nucleus (A − 1) with Lorentz factor Γ < Γ A c . The Lorentz factor of this nucleus increases with z quite fast as Γ(z) = G(A − 1, Γ, z 0 , z), while A − 1 remains practically unchanged, because τ pair is shifted to lower energies by a factor (1 + z). As a result at some critical redshift z c (Γ), determined by the condition τ A (Γ, z c ) = τ Γ (Γ, z c ) the considered nucleus becomes unstable.
In case of nucleus A produced in (A + 1) → A + N decay the equation for critical redshift z c becomes
where z 0 = 0. Therefore, to produce the secondary nucleus A with Lorentz factor Γ < Γ A+1 c at z 0 = 0, the parent nucleus A + 1 must decay at z ≥ z c determined by the Eq. (11). Thus, z c (Γ) can be considered as the minimum red-shift z min for the production of nucleus A with Lorentz factor Γ < Γ A+1 c . A trajectory for A-nucleus can be blocked not only by A + 1 nucleus, but also by A ′ > A + 1, if A ′ -nucleus has an anomalously high Γ c . But in this case the nucleus A ′ − 1 increases its Lorentz factor with fixed A ′ − 1 until it reaches Γ c . Numerical calculations show that stability condition for the considered case puts no restrictions to the calculated trajectories.
Explosive regime in A(z) evolution
The most striking and important feature of A(z) evolution, seen in the left panel of Fig. 4 , is its explosive behaviour at the end of the evolution. It is explained by the short lifetime τ A of nucleus A relative to the transition A → (A + 1). This lifetime is connected with β 0 A , calculated for z = 0 and plotted in Fig. 2 , see also Eq. (3), as
This equation demonstrates that τ A (Γ, z) is short and diminishes with z. Taking into account that σ dis in Eq. (7) is approximately proportional to A one can understand that A(t) increases exponentially with time. The Lorentz factor at this stage remains constant because the ratio τ A /τ Γ is less than 100 (see Figs 
are important feature of the explosive trajectories.
For the large Lorentz factors Γ > Γ c , Eq. (13) is naturally fulfilled, too.
Fluxes of nuclei and protons in the trajectory method
In principle trajectory method is similar to Monte Carlo (MC) simulation: both are following trajectory of a nucleus propagating through CMB, calculating the flux of secondary nuclei with Lorentz factor Γ from the flux of primary nuclei A 0 with Lorentz factor Γ g . As advantage MC includes fluctuations in interaction of nucleus with CMB and does not need to introduce the limits of integration.
In the trajectory method the space density n a (Γ, z 0 ), of the components a = A 0 , A, p is found from the conservation of the number of particles as
is the generation rate of these particles (see appendix A). In a way convenient for calculations this formula has the form
where
is the generation rate of a particles given in appendix A and dΓ ′ /dΓ is given in appendix B. The limits of integration are as follows.
For primary nuclei (a = A 0 ) z min = 0 and for z max we have three options: z(τ A 0 ), i.e. redshift corresponding to lifetime τ A 0 (Γ), z c (Γ) as given by Eq. (11), and z g (A 0 + 1). These three cases give somewhat different results.
For secondary nuclei (a = A) z min = 0 for Γ ≥ Γ c , and is z c (Γ) for Γ ≤ Γ c . The maximum limit is given by z A+1 (Γ).
For the secondary protons produced by (A + 1) nuclei the limits are the same as for secondary A-nuclei, since the production of both is identical (see appendixes A and D).
As numerical calculations show, the trajectory method gives the worst accuracy for flux calculations, especially for secondary nuclei, and this is most probably connected with rather rough estimate of the integration limits, which affect strongly the results.
Kinetic equation combined with trajectory calculations
In this section we calculate the fluxes (space densities) of primary nuclei, secondary nuclei and protons using the kinetic equation and trajectory calculations. The latter are used in a limited way, only for calculation of generation rate of nuclei and protons, using the number of particles conservation (see appendix A). In the case of secondary nuclei, the trajectories are used only to determine Γ g and z g associated to the primary nucleus A 0 , these calculations may be greatly simplified taking into account that in all practical cases the trajectories are explosive.
We start with the calculations of the secondary-nuclei flux as the most general and technically most interesting part of our calculations.
Secondary nuclei
We consider an expanding universe homogeneously filled by the sources of accelerated primary nuclei A 0 with a generation rate per unit of comoving volume Q A 0 (Γ, z) given by
where γ g > 2 is the generation index, m N is the nucleon mass and L 0 is the source emissivity. i.e. the energy generated per unit of comoving volume and per unit time at z = 0. In Eq. (15) Γ min ∼ 1 is assumed. In all calculations below we assume also a maximum energy of acceleration
max . The trajectory A(z) is calculated as a continuous quantity only to determine the redshifts of (A + 1) → A and A → (A − 1) transitions. Between these values we assume A = const calculating the evolution Γ(z) with fixed A. Thus, we assume that both of the above-mentioned transitions are instantaneous photo-disintegration, e.g. γ CMB +(A+1) → A+N . Since a recoil momentum in these processes is negligibly small, one has approximate equality of Lorentz factors of all three particles
The generation rate of secondary nuclei (and secondary nucleons) is derived in appendix A using the trajectory calculation combined with the conservation of the number of particles
with dΓ g /dΓ A given in appendix B.
The kinetic equation for the comoving space density of secondary nuclei A, n A (Γ A , t),
A is the rate of the Lorentz-factor loss and Q A (Γ A , t) is the generation rate given by Eq. (17), the nucleus A lifetime is
where ν(ǫ) is the average multiplicity of the emitted nucleons.
The solution of the kinetic equation (18) is found in appendix C and can be presented as
is the Lorentz factor of the nucleus A at the moment of production, calculated using A = const. The quantity η(Γ A , z) is given by
The physical meaning of the factor exp(−η) becomes clear from Eq. (76) of appendix C. Assuming τ A = const and introducing as variable a propagation time t = t 0 − t ′ , one obtains this factor as exp(−t/τ A ), which gives the survival probability for the nucleus A during the propagation time t.
The factor exp(−η) provides an upper limit of integration in Eq. (20) . Without it the trajectory of integration in kinetic equation Γ A (z) extends to any large z with the same A = const. Considering this trajectory as the one on which A changes with z too, we can put the marks z A+1 and z 0 , which corresponds A(z) reaching (A + 1) and A 0 , respectively. From Eq. (21) one can see that at these redshifts the suppression factor exp(−η) is equal to exp(−1) and exp[−(A 0 − A)]. We shall use z A+1 and z A 0 as trial upper limits in Eq. (20) for comparison with the basic case when the upper limit is set to infinity. The calculation of the lower limit of integration in Eq. (20) is more complicated. The lower limit z min (Γ) is provided by vanishing of the generation rate Q A (z) at z ≤ z min . As has been discussed in section 2.3 at z=0 there is a critical Lorentz factor Γ A+1 This effect of z min -appearance can be explained in the evolution-trajectory approach as follows. The production rate of A-nuclei, Q A (z), is caused by the decay of A + 1 nuclei. However, at all z for which Γ A+1 (z) < Γ A+1 c (z) a nucleus A + 1 does not decay and A + 1 = const, as we observe indeed in the calculation of the trajectories forward in time, and hence Q A (z) = 0 at z ≤ z c .
The lower limit z min (Γ) and two trial upper limits are presented in Figs. 7 and 8. The upper limit z A+1 gives the redshift when A formally evolves to A + 1. The upper limit z A 0 corresponds to the evolution of A to A 0 . The actual upper limit in this case is provided by the factor e −η . One may recognize in these figures the regions in the energy-redshift plane which contribute significantly to the flux of the secondary nuclei. In particular, at low energies the interval z max − z min tends to zero and the flux vanishes. At the highest energies E > 3 × 10 19 eV, the interval is widening, but the absolute values of z min and z max become vanishingly small, in the range of 10 −3 , and thus the fluxes are strongly suppressed.
We will now come over to calculation of fluxes in the form of particle densities n A (Γ, z). For this we calculate the generation rates Q A (Γ A , z A ) using Eq. (17) One should realize the following feature of calculations: the time scale of A evolution from (A + 1) to A 0 needed for calculation of the rate Q A (Γ A , z A ), and the time scale of the kinetic-equation trajectory Γ A (z), which contribute the integral in Eq. (20) , is the same and very short ∼ τ A . In case of A-evolution this is the explosive part of trajectory, in the case of kinetic-equation trajectory it is regulated by exp(−t/τ A ). For low energies E < ∼ 10 18 eV the lower limit of integration z min = z c ≈ 2 − 3, and A evolution at this z occurs in explosive regime with short evolution time given by Eq. (12) . The region of integration in Eq. (20) is controlled by the same τ A (Γ, z). As it is easy to understand the situation is the same at Γ ≥ Γ c . In both cases we can use an explosive trajectory for 
where Γ A = Γ A (Γ, z 0 , z A ) with A = const and z 0 = 0. In Fig. 10 the fluxes calculated in this explosive trajectory approximation are shown by small filled circles. One may observe, as expected, the good agreement with the exact calculations.
The basic parameter which determines the spectra of nuclei A is given by the critical Lorentz factor Γ A+1 c at which the photo-disintegration process of the parent nucleus (A+1, or Beryllium in the case of Helium) is allowed at z = 0. One may expect that the peaks seen in the spectra E 3 A n A (E) set at the critical Lorentz factors and the right panel of Fig.  10 confirms this expectation with a good precision (see Table 1 of section 2.1).
The calculated spectra at low Γ exhibit the A hierarchy: the higher A the larger the flux. The exceptional case of low Be flux is explained by large τ A , which determines the upper limit in Eq. (20) . In effect, the upper limit z A+1 is below z min (see upper-right panel in Fig. 7) , and factor e −η in Eq. (20) operates exclusively at large η suppressing strongly the Beryllium flux.
The explosive-trajectory approximation allows us to obtain the exact formula for the asymptotic high-energy flux and to compare it with calculations presented in Fig. 10 .
In the asymptotic regime one can use in Eq. (22) Γ A ≈ Γ (Lorentz factor is not changing in the pure photo-disintegration process), z min = 0 and z g ≪ 1. Then after simple calculations we obtain
The asymptotic formula (23) follows also directly from the kinetic equation (18) 
Numerical calculations confirm that asymptotic relations (23) and (24) are fulfilled for the curves in Fig. 10 . For all secondary nuclei at the highest energies the contributing universe is vanishingly small, when the relevant redshifts are of the order of 10 −3 or less, as it follows from curves z A+1 (E) in Figs. 7 and 8. The fluxes in Fig. 10 are non-vanishing only because in the present paper we consider a homogeneous distribution of sources for primary nuclei A 0 with constant density at any redshift, while in a realistic situation the presence of UHECR sources at these low redshifts (z < 10 −3 ) is unlikely.
The energy spectrum at high energies follows the corresponding energy losses, with a recovery at the highest energy due to an increase of the nucleus lifetime τ A (i.e. a decrease in the photo-disintegration energy losses, see Figs. 1 and 2 ).
Secondary protons
In this section we discuss the flux of secondary nucleons produced in the photo-disintegration of the heavier nuclei. We do not need to distinguish neutrons and protons, because at the characteristic lengths involved here neutrons decay fast at all energies of interest. For this reason we will often refer to protons, instead of nucleons.
Production of secondary protons accompanies the production of secondary nuclei, but in contrast to them, protons are not destroyed and can arrive from any redshift, being suppressed only by high energy of generation.
Following the same approach as for secondary nuclei one can write a kinetic equation that describes the propagation of protons:
where n p is the secondary-proton density, b p = −dΓ/dt describes the loss of proton Lorentz factor (energy loss) due to adiabatic energy losses, pair-production and photo-pion production on the CMB radiation, and Q p is the generation rate for secondary protons, produced by photo-disintegration of secondary or primary nuclei. The secondary nucleons N which accompany production of A-nuclei in the process A + 1 → A + N have the same Lorentz factor and generation rate as A-nuclei. We refer to these nucleons as "Aassociating protons" with notation n A p for their space density, and use for their generation rate Q A p (Γ, t) = Q A (Γ, t). The solution of Eq. (25) for A-associating protons similarly to [52] , reads:
where Γ ′ (z ′ ) = G p (Γ p , 0, z ′ ) and dΓ ′ /dΓ p is taken along the proton trajectory ( Γ p g (Γ p , z) line in the right panel of Fig. 9 ) .
As in Eq. (17) we have from the conservation of particles number:
where the redshift of A+ 1 decay z A = z ′ and Γ A = Γ ′ , index A at derivative dΓ g /dΓ ′ indicates the A-variable subtrajectory A → A 0 for which derivative is given by Eq. (68), and Q A 0 is the generation (acceleration) rate of primaries A 0 at redshift z g with Lorentz factor Γ g , given by Eq. (15) . The generation redshift z g is determined from A(A, Γ ′ , z ′ , z g ) = A 0 and the generation Lorentz factor is calculated as Γ g = G(A, Γ ′ , z ′ , z g ). Finally, we obtain for n A p (Γ p , z 0 ) at z 0 = 0:
the integration in Eq. (28) (z c ). Note that z c = z min for protons are higher than for secondary nuclei (compare Fig. 11 with Figs. 7 and 8 ). It happens because β A pair (Γ) is Z 2 /A ≈ A/4 of that for proton (see Eq. 6). In the case Γ p > Γ c , z min = 0. The maximum upper limit z max corresponds to A(z) subtrajectory on which the Lorentz factor of the A 0 -nucleus reaches Γ max acc (see Fig. 9 ). These limits are plotted in Fig. 11 , with z max shown by solid red curve. The other upper limit shown by small filled circles is valid for the instantaneous method (see below). Here it is important to note that both limits coincide with great accuracy.
The total space density of secondary protons is given by the summation over the primary A 0 and all the secondaries A in Eq. (28):
Before discussing the numerical results for the calculated flux, we present an alternative and more simple method of calculation, which, being less precise, can be considered as a test at high energies for the calculations described above. This approach will be referred to as "primary-nucleus instantaneous decay". It is based on the assumption that at the moment of production z g the primary nucleus is instantaneously photo-disintegrated to A 0 nucleons. At large Lorentz factors this assumption is well justified because the nucleus lifetime τ A 0 (Γ g ) is much shorter than all other relevant time scales of the problem. We will demonstrate below why this approach works well (with some exceptions) at lower Lorentz factors Γ < Γ c and Γ ≪ Γ c . To distinguish the previous more precise approach from the instantaneous one, we will refer to the former as intermediate A-decay method. The proton space density in the instantaneous approach can be written as
where all notations are as before and Q A 0 are given by Eq. (15). Since Q A 0 ∝ 1/A 0 , the factor A 0 disappears from Eq. (30) and n inst p (Γ p ) can depend on A 0 only through the limits of integration.
After a simple rearrangement of Eq. (30) one obtains
Eq. (31) is very simple for calculations, because it involves only the proton trajectory in Γ − z plane (subtrajectories A → A 0 in the right panel of Fig. 9 shrink to a point). The limits of integration are the same as those shown in Fig. 11 . The basic observation involved in the calculation of these limits is that the A 0 nucleus is now located on the proton trajectory Γ p g (Γ p , z) in Fig. 9 . Therefore, z min g is defined by the equation Γ p g (Γ p , z min ) = Γ A 0 c (z min ), which is the same as for nuclei A, considered now as A 0 in Fig. 11 . The upper limit is defined by the condition Γ p g (Γ p , z max ) = Γ max acc and it is shown in Fig. 11 by small filled circles, which coincides with upper limit in the intermediate A method. We see, thus, that the upper limit z max does not depend on A 0 . The lower limit at Γ p ≥ Γ A 0 c is z min = 0. At Γ p ≤ Γ c the lower limit depends on A 0 , but weakly, with the exceptional case of Beryllium.
Thus, at high energy when z min = 0 the flux has a universal form independent of the primary nucleus, i.e. of A 0 . It is natural to expect that the high energy regime starts from Γ p > Γ A 0 c when z min = 0, and the calculations below confirm this expectation. The high-energy regime is of particular interest as a test of the intermediate A-decay method. In this case the proton flux in instantaneous approximation n inst p must coincide We address now the question of the agreement between A-intermediate and instantaneous methods at Γ < Γ c and Γ ≪ Γ c . The explanation follows from the explosive character of A(z) trajectories for A → A 0 evolution. Using the explosive-trajectory result z A ≈ z g and Γ A ≈ Γ g in Eq. (28), one obtains after simple calculations
The total flux of protons is obtained by summation in Eq. (32) One may observe that agreement between the exact (A-intermediate) and instantaneous method of calculations is precise at high energies (Γ > Γ c ) and approximate at low energies ( (Γ < Γ c ) and (Γ ≪ Γ c )), as it is expected.
For small A the excellent agreement at low energies is observed for 4 He. This is an exceptional case: the energy threshold of photo-disintegration for 4 He is much higher than for its daughter nuclei: 3 He and D. Hence, when 4 He starts to photo-disintegrate, its daughter-nuclei disintegrate too. Based on this argument we expect that in the Helium case the spectra of secondary protons calculated by both methods should be identical at all Lorentz factors, including the low ones, and this expectation is confirmed by the upper-left panel of Fig. 12 .
We now come over to the "Beryllium excess" in the spectrum of the instantaneous decay, shown in the upper-right panel of Fig. 12 . The nature of this effect is simple: Γ Be c ≪ Γ He c and since 4 He is born with Lorentz factor of 9 Be, the former can be stable and secondary protons are not produced. For Γ > Γ Be c it gives a suppression of the secondary proton flux. Under the assumption of an instantaneous decay this effect is absent.
Beryllium effect works for all A 0 > 9 and since it affects only 8 protons from two 4 He nuclei, its influence on heavy nuclei is weaker, as one observes from Fig. 13 .
The shape of the proton spectra in Figs. 12 and 13 can be naturally explained. They have two spectral breaks: the high energy steepening, which is the usual GZK cutoff at energy E ∼ 5× 10 19 eV, and the low-energy steepening which coincides with Γ c : ∼ 4× 10 9 for 4 He, ∼ 4 × 10 8 for 9 Be etc). Below Γ c the adiabatic energy losses dominate and it explains the flat spectrum n p (E p ) there, i.e. steep E 3 n p (E) spectrum in Figs. 12 and 13. It is different from ∝ E −γg because z min in Eq. (28) and Eq. (31) depends on Γ, i.e. on E p .
We complete this section with a remark about the universality of the secondary-proton spectrum. Using Eq. (31) for the instantaneous spectrum we proved its universality. i.e. independence of A 0 . The intermediate A spectrum has the same property, as it was proved above. In other words the normalised spectrum calculated for one A 0 is valid for any other A 0 with the same normalization. 
Primary nuclei
We calculate now the diffuse flux of primary nuclei A 0 , which arrive undestroyed from the sources. The comoving space density of these nuclei n A 0 (Γ, t) is described by the kinetic equation
where Q A 0 (Γ, t) is the generation rate of primary nuclei per unit time and comoving volume, and τ A 0 (Γ, t) is the photo-disintegration lifetime of the nucleus A 0 calculated as [A 0 β dis (A 0 , Γ, z)] −1 with β dis given by Eq. (7). As found in appendix C the solution of the kinetic equation (33) reads
where n A 0 (Γ) is the space density of nuclei
Lorentz factor of nuclei A 0 at the moment of generation z g calculated by the evolution trajectory, with fixed A 0 , which starts from Γ at z 0 = 0. The ratio dΓ g /dΓ is also calculated with fixed A 0 . The quantity η takes into account the photo-disintegration of the propagating nucleus:
The lower limit of integration in Eq. (34) reflects the assumption of an homogeneous distribution of the sources. The upper limit is imposed by the factor exp(−η) accompanied by the condition of a maximum acceleration Lorentz factor: Fig. 14 we plot the flux of primary nuclei for various A 0 , using the injection spectrum with γ g = 2.3. The steepening of the spectra in Fig. 14 starts from the Lorentz factor where pair-production energy losses are equal to adiabatic energy losses. Comparison of Figs. 2 and 14 confirms it. It is worth noting that this criterion for the beginning of the steepening was obtained first in [31] .
In this section we present a straightforward method of calculation for UHE nuclei fluxes, based on the analytic solution of a complete set of coupled kinetic equations. The great advantage of this method is a simple expression for generation rates of secondary nuclei and protons, which do not include integration with independently determined lower and upper limits. We consider as before the expanding universe filled homogeneously by accelerated primary and secondary nuclei, including the secondary protons. As discussed in section 2.1, these secondary particles are produced mainly by the photo-disintegration process (A + 1) + γ → A + p. In this approximation one can write the generation rate for any secondary nucleus A as a function only of the equilibrium distribution of the parent nucleus (A + 1), namely:
where τ A (Γ, z) is given by Eq. (12) and (7). Taking it into account one may write a set of coupled kinetic equations which describes the equilbrium of primary nuclei A 0 with the products of their decay
. . .
The solution of the kinetic equation for primaries A 0 is given by
with
and the solution for an arbitrary secondary nuclei A is
In each of these equations we assume A = const and the Lorentz factor changing due to adiabatic and pair-production energy losses. Accordingly, the ratio dΓ ′ /dΓ is given by
where b p 0 (Γ) = dΓ/dt is the Lorentz-factor loss per unit time for protons at z = 0 due to pair production.
The procedure to solve the system of equations (37) consists in finding the analytic solution n A 0 (Γ, t) for the first equation in the form (38) , and putting it into the second equation. Taking the solution of this second equation, given by Eq. (40) with A = A 0 − 1, one finds n A 0 −1 (Γ, t). Continuing this procedure one obtains the space density (fluxes) for all secondary nuclei n A (Γ, t) .
Note, that in this method there is no problem with the limits of integration: the lower limit is z by definition and the upper limit is regulated by the factor e −η , while z max here plays only a symbolic role. The generation rate Q A (Γ, z) given by Eq. (36) tends to zero at small Γ due to factor τ A+1 → ∞ at small Lorentz factors.
For the calculations of the secondary protons spectrum we use the A-associating proton approach developed in section 3.2. The secondary nucleons N which accompany production of A-nuclei in the process (A + 1) → A + N have the same generation rate
The kinetic equation for the secondary protons is given by Eq. (25) with a solution described by Eq. (26) . Using the generation rate in the form of Eq. (43) this solution reads
where Γ ′ (z ′ ) = G p (Γ, z, z ′ ) is the proton trajectory, and Eq. (44) is valid for any arbitrary initial z including z = 0. In fact, the actual lower limit of integration z min is automatically provided by τ A+1 (Γ ′ , z ′ ), and this gives a great advantage of the CKE method in comparison with the combined method, where z min is calculated independently, using some particular features of the trajectory evolution. As will be seen by example of the secondary A-nuclei, the brothers of the secondary protons, the structure of the lower-limit cutoff exposed by Eq. (52) is quite different from the sharp cutoff at z min introduced in the combined method. The upper limit of integration z max in Eq. (44) is quite different from the secondary nuclei, where it is imposed by the life-time τ A in the form of e −η A . In the case of secondary protons the upper limit is provided by Γ max , which the brother A-nucleus (or parent A + 1 nucleus) is allowed to have. Since at these very large Lorentz factors the approximation of explosive trajectories is fully justified, we can use Γ max for primary nucleus A 0 and z max is given (in case of initial z = 0) by the equation for the proton trajectory Γ max = G p (Γ, 0, z max ), where Γ is the proton Lorentz factor at z = 0.
As we discuss below, the fluxes obtained by the CKE method for secondary nuclei and protons differ, most notably at low energies, from that in the combined method (see section 3). This difference is due to the lower limit of integration in the Eq. (40) and (44) . In the combined method it is sharply fixed at z min as discussed in section 3.1, while in the CKE method the integrand is automatically suppressed by the term τ A+1 (Γ ′ , z ′ ) (see discussion below).
The fluxes of secondary nuclei and protons are displayed in Fig. 15 . We will discuss now the solutions obtained for secondary nuclei and protons. In particular we will study these solutions in their analytic form to compare them with the combined method. First we obtain the analytic solutions of Eqs. (37) in the high-energy asymptotic regime, when all τ A are very short. We re-write the solution (38) in terms of the cosmological time using for e −η the expression of Eq. (76) (see appendix C):
Introducing the propagation time t prop = t − t ′ as integration variable in Eq. (45) and taking Q A 0 dΓ ′ /dΓ out of the integral as a slowly variable quantity, one obtains after simple calculations
and
Repeating these calculations for A < A 0 we obtain for the high-energy asymptotic regime
i.e. the same high-energy regime that we obtained in Eqs. (23) and (24) in the combined method. In particular, the equality (48) is the same obtained in the combined method for the explosive regime, which is provided by short τ A like in the case above. We will now come over to the general case valid also for low Γ. To obtain the general solution n A (Γ, t) in the analytic form we put into Eq. (40) the value n A+1 (Γ ′ , z ′ ) determined from the preceding equation
Repeating this procedure with increasing A until we reach A 0 , we obtain the general expression with many-fold integral
where dΓ ′ /dΓ is taken along the A-variable trajectory. Using Eq. (15) for Q A 0 (Γ ′ , z ′ ) and assuming that the external integration results in some functions f (Γ, z) (we calculated these functions numerically) we obtain
with f (z) rapidly vanishing when z → 0 and z → z max .
Comparison of this solution with n A (Γ, 0) given in Eq. (22) for the combined method shows similarity and differences. The crucial one consists in z min . While in the combined method this is a well determined function of Γ, in the CKE method the lower limit is given by different values of z weighted by the function f (z).
Numerical calculations show a very good agreement between the two methods at the highest energies and for all primary nuclei A 0 at all energies. For secondary protons the disagreement is moderate, but for the secondary nuclei there is a strong disagreement at low energies. We see the main reason for this disagreement in the z min (Γ) calculations. In the combined model z min is calculated from reasonable physics connected with trajectories. In the CKE method the lower limit appears automatically, without any assumption, directly from the kinetic equations. We think that as far as numerical results are concerned, this last method should be trusted more.
Discussion and Conclusions
In this paper we have studied comparatively three analytic methods to determine the diffuse spectra of ultra-high energy nuclei propagating through background radiations: (i) trajectory method, (ii) kinetic-equation method combined with trajectory calculations (the combined method), and (iii) coupled kinetic equations (CKE).
We summarize first our general approach. We have calculated the diffuse spectra of primary and secondary nuclei, and secondary protons in the case of homogeneously distributed sources. According to the propagation theorem [52] in this case the spectra do not depend on the specific way of propagation, and thus one may use rectilinear propagation, or not thinking about space propagation at all, imaging all secondary nuclei and protons filling the space homogeneously together with primary nuclei.
Evolution in time is the basic feature of our problem. A primary nucleus A 0 is born due to acceleration and, interacting with the background radiation, give rise to the secondary nuclei and protons.
With the help of two coupled differential equations for the propagation of a primary nucleus in the backward time, i.e. increasing redshift, we found the evolution trajectories A(z) = A(A, Γ, z 0 , z) and Γ(z) = G(A, Γ, z 0 , z), where the first three arguments fix the initial conditions. In the evolution equations the atomic number A changes continuously with z, but we use the continuous trajectory A(z) only to determine the integer A positions on the trajectory: A, A + 1 etc. At these points we assume an instantaneous photodisintegration, e.g. (A + 1) + γ CMB → A + N . The Lorentz factor between the points of photo-disintegration is calculated assuming A = const. The trajectories are basically needed to compute the generation parameters z g and Γ g , at which A(z) reaches A 0 . Apropos, the formal solution of the coupled trajectory equations (9) with continuous A results in the same Γ g and z g as in our basic method.
The important feature of the calculated A(z) trajectories is their explosive behavior for all initial energies (as an example see the left panel of Fig. 4 ) . At small Γ < Γ c a nucleus propagates with A = const until large red-shifts z ∼ 1 and then 'explodes' to A 0 on a scale of photo-disintegration lifetime τ a ∼ 10 5 − 10 6 yr, see Eq. (12) . It results in z A ≈ z g and Γ A ≈ Γ g , where index A marks the values at the threshold of an explosion. Therefore, the generation rate for A nuclei approximately equals to that of primary nuclei
) with z g ≈ z A and Γ g ≈ Γ A . However, the main attention in the paper is given to the exact calculation of Q A (Γ A , z A ) from the number of particles conservation.
We describe first the combined method. The space density of each species a = A, p, A 0 and their energy spectra are calculated using the kinetic equation
where b a = −dΓ a /dt = (β a pair + β a ad )Γ a is the rate of the Lorentz-factor loss, τ a (Γ a , z) is the photo-disintegration lifetime of particle a (for a = p, τ a = ∞) and Q a (Γ a , z) is the generation rate of particles a.
For secondary nuclei A and protons, produced in the photo-disintegration processes, the generation rate Q a (Γ a , z) is found from the conservation of the number of particles along a trajectory, dN a = dN g , where dN a is the number of produced particles a and dN g is the number of generated primaries A 0 at acceleration. The relation between the generation rate of primaries A 0 and of secondary A and p is given by Eq. (60), where z g and Γ g are calculated using the evolution trajectories. The solutions of the kinetic equations (53) are found analytically.
An important physical quantity in our calculation is the critical Lorentz factor Γ A c at epoch z = 0. It is determined by the equality of the rates for changing of Γ and
, where H 0 is the Hubble constant, describing here the adiabatic energy loss, and indices 'dis' and 'pair' are related to photo-disintegration and pair-production lifetimes, respectively. This relation provides a stability condition for the A nucleus at z = 0: Γ < Γ A c . The critical Lorentz factor Γ c is a basic energy scale, which gives a key for understanding all processes considered here and which also explains some features in the calculated spectra.
Therefore, the combined method includes three elements of calculations: the kinetic equation, which gives the density of particles n a (Γ), the generation rate Q a (Γ a , z a ) and the limits of integration, especially z a min . The first two elements are reliable components of calculations, with Q a reliably evaluated with the help of the number of particles conservation; the third element z min is less reliable since it involves additional consideration and assumptions.
The trajectory method of n a (Γ) calculation is less reliable because of the great uncertainties in the limits of integration z min and z max in Eq. (14) .
The coupled kinetic equations (CKE) method is based on the set of kinetic equations (37) , where the first one describes the primary nucleus A 0 , the second A 0 − 1 etc down to the A of interest. The solution of each preceding equation n A ′ (Γ, z) gives the generation rate for a successive nucleus A ′ as n A ′ +1 (Γ, z)/τ A ′ +1 (Γ, z), and the long lifetime τ A ′ +1 (Γ, z) at small Γ and z automatically provides z min in the solution of a kinetic equation, while the lifetime τ A ′ provides, through the term e −η , the upper limit. The A(z) trajectories are formally not involved in this method, but actually they are. The term n A 0 /τ A 0 describes the disappearance of nuclei A 0 in the first equation of the Eqs. (37) , but the same term appears in the second equation as generation of (A 0 − 1) nuclei etc. Equation (51), which includes the product of terms with all A ′ from A to A 0 , demonstrates it more clearly. Indeed, this equation implies the evolution of Γ(t) with A ′ = const regulated by exp(−t prop /τ A ′ ). Then A ′ disappears, giving rise to the production term in the successive kinetic equation for (A ′ − 1). However, there is an essential difference with the combined method. The product in Eq. (51) is time-ordered which, according to the theory of probabilities, means fluctuations taken into account.
As we indicated above the weakness of the combined method consists in the procedure of defining z min , while in the coupled kinetic equations this limit is a natural feature of the kinetic equation itself. The lower limit in the combined method is introduced by the stability condition given by Eq.(11), which is quite natural. However, in fact one can use the other definitions of stability. As a plausible example we consider an alternative possibility.
We used above in the combined method the cutoff in integration over z imposing the condition Q A (Γ, t) = 0 at t ≥ t max in terms of the cosmological time t (see the solution in terms of t given by Eq. 45). This condition implies that at t > t max (A + 1)-nucleus is stable. Let us introduce now this condition through the probability of A + 1-decay:
One can see that the factor introduced is the decay probability of the A+1 nucleus. It can be easily seen in the case τ A+1 = const, when this factor is 1 − exp(−t prop /τ A+1 ), where t prop = t − t g is the propagation time. The decay factor in Eq. (54) provides the soft cutoff of the generation function. However, this cutoff also differs from the one obtained in Eq. (52) . We compare now the numerical results in some details. The two methods give numerically the same spectra for all nuclei at high energies and for primary nuclei at all energies. In particular both methods give high-energy fluxes of the secondary nuclei described by identical equations (49) and (23) with a recovery of the spectra at the highest energies due to an increasing τ A (Γ).
The peaks in the spectra of the secondary nuclei located at Γ c in the combined method (see Fig. 10 , right panel) coincide with the positions of peaks in the CKE method (see Fig. 15 , left panel) . This is a surprising result, because the critical Lorentz factor is not introduced in the CKE method. The fluxes above Γ c are the same, but they are much different below, which is mainly a result of the differences in z min . The peculiar behaviour of 4 He at low energies in Fig. 10 (left panel) , being confirmed by explosive trajectory calculation, is not seen in Fig. 15 .
The fluxes of the secondary nuclei obey as a rule A-hierarchy: the heavier A, the larger the flux (see Figs. 10 and 15) .
The main features of the secondary-proton spectra are the same in both methods. The A-associating proton spectra are the same for all A, and the total spectra are universal, i.e. do not depend on A 0 . In the combined model this is a direct consequence of the explosive character of the trajectories. At low energies (E < 1 × 10 19 eV) in CKE the A-associating proton spectra are different for various A (see right panel in Fig. 15 ). This is related to a breaking of accuracy of the explosive trajectory approximation at low energies.
The shape of the total proton spectrum is the same in both calculations. It has two spectral breaks. The high energy steepening is the usual GZK cutoff at energy E ∼ 5 × 10 19 eV. The low-energy steepening coincides with Γ c . Below Γ c the adiabatic energy losses dominate and it explains the flat spectrum n p (E p ) there, i.e. the steep one in terms of E 3 n p (E) spectrum as plotted in all figures here.
In the second paper of this series, the EBL background will be also included. In this case the high energy part of the nuclei spectra is determined by CMB, as considered in the present paper, while the low-energy part is affected mostly by Infrared, Visible and Ultra Violet radiations, which compose the EBL.
C Solution to the kinetic equation
In this appendix we derive the solution of the kinetic equation for secondary nuclei from which the solutions for primary nuclei and secondary protons can be easily obtained.
We consider the secondary nuclei A being produced homogeneously in the space with the rate Q A (Γ, t) and then propagate as a nucleus species with the fixed (unchanged) A until it is photo-disintegrated. The kinetic equation reads
where b A (Γ, t) is the rate of Lorentz factor loss given by
with H(z) and b p pair being the Hubble parameter at redshift z and pair-production loss for proton, respectively. The time of photo-disintegration is given by τ 
Using the notation
and taking into account that with Γ on the characteristic, time t becomes the only variable, one obtains the solution of Eq. (72) as
Changing the integration variable t to z and using
the solution can be written as
exp −
